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Solve the differential equation

£—2r=0
dt

given that when7=0,r.j=0andr x j=i+ k.

@)

A uniform square lamina S has side 2a. The radius of gyration of S about an axis through a
vertex, perpendicular to S, is .

2
(a) Show that &% = 8%

(C))

The lamina S is free to rotate in a vertical plane about a fixed smooth horizontal axis which is
perpendicular to S and passes through a vertex.

() By writing down an equation of rotational motion for S, find the period of small
oscillations of S about its position of stable equilibrium.

(©))

A raindrop falls vertically under gravity through a stationary cloud. At time ¢ = 0, the
raindrop is at rest and has mass mo. As the raindrop falls, water condenses onto it from the
cloud so that the mass of the raindrop increases at a constant rate c. At time ¢, the mass of the
raindrop is m and the speed of the raindrop is v. The resistance to the motion of the raindrop
has magnitude mkv, where £ is a constant. Show that

dv ( c ]
—+v| k+ =g
dt my + ct

(7
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Three forces Fi, F2 and F; act on a rigid body. The forces Fi and F» act through the points
with position vectors ri and r; respectively.

ri = (-2i+3j) m, Fi=Gi-2j+k)N
r=(3i+2k)m, Fa=(2i+j-kN

Given that the system Fi, F> and F3 is in equilibrium,

(a) find F3,
(0))
(b) find a vector equation of the line of action of F3, giving your answer in the
formr =a + tb.
(©))

The force F; is replaced by a force Fi acting through the point with position vector
(i—2j + 3k) m. The system Fi, F> and F4 is equivalent to a single force (3i + j + k) N acting
through the point with position vector (i + j + k) m together with a couple.

(¢) Find the magnitude of this couple.
®
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D

Figure 1

A uniform triangular lamina ABC, of mass M, has AB = AC and BC = 2a. The mid-point of
BCis D and AD = h, as shown in Figure 1.

Show, using integration, that the moment of inertia of the lamina about an axis through 4,
perpendicular to the plane of the lamina, is

M
— (a®>+3h?)
6
[You may assume without proof that the moment of inertia of a uniform rod, of length 21 and

mass m, about an axis through its midpoint and perpendicular to the rod, is +ml*.]

(10)
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e (/)
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Figure 2

A light inextensible string has a particle of mass m attached to one end and a particle of mass
4m attached to the other end. The string passes over a rough pulley which is modelled as a
uniform circular disc of radius a and mass 2m, as shown in Figure 2.

The pulley can rotate in a vertical plane about a fixed horizontal axis which passes through
the centre of the pulley and is perpendicular to the plane of the pulley. As the pulley rotates, a
frictional couple of constant magnitude 2mga acts on it.

The system is held with the string vertical and taut on each side of the pulley and released
from rest. Given that the string does not slip on the pulley, find the initial angular acceleration
of the pulley.

(10)
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A uniform circular disc, of radius » and mass m, is free to rotate in a vertical plane about a
fixed smooth horizontal axis. This axis is perpendicular to the plane of the disc and passes
through a point 4 on the circumference of the disc. The disc is held with 4B horizontal,
where AB is a diameter of the disc, and released from rest.
(a) Find the magnitude of

(1) the horizontal component,

(i1) the vertical component

of the force exerted on the disc by the axis immediately after the disc is released.

an

When 4B is vertical the disc is instantaneously brought to rest by a horizontal impulse which
acts in the plane of the disc and is applied to the disc at B.

(b) Find the magnitude of the impulse.
()

TOTAL FOR PAPER: 75 MARKS
END
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Question

Number Scheme Marks
1. G.S. is r=Ae" Bl
t=0:Aj=0 = A=pi+rk M1 Al
(pi+rk)xj=i+k M1 Al
—-ri+pk=i+k = r=-1;p=1 M1
r=(i-ke” Al

)

[7]

Notes for Question 1

BI for r = Ae” oe.

First M1 for use of initial conditions =0, r.j = 0.

(MO if no explicit r expression to sub into)

First Al for A=pi+rk (or ¢g=0)

Second M1 for attempt at cross-product r x j when =0

(MO if no explicit r expression to sub into)

Second Al for (-ri+p k)

Third M1 for using the second condition to find values for p and r.

Third A1 for a correct answer.

N.B. All marks available apart from the final A1 if unsound work seen e.g. logs of
vectors, provided that logs are removed at the start to give an explicit expression for
r which can be evaluated in order to find the value of the constant.




Question

Number Scheme Marks
2.
(a) I, =ima’ +ima® =2ma®  (perp axes) M1 Al
I, :%ma2+m(a\/§)2 =ima’ ie k?=3%a>** M1 Al

(4)

(b) ~mga~/2sin @ = $ma’0 Ml Al
6=-— 3g\/§ 6, for small & DM1
8a
T =27 | MI1 Al

3g\/5

()

[9]

Notes for Question 2

2(a)

First M1 for use of perpendicular axes rule with appropriate no. of terms
First A1 for correct expression for /g (or from formulae sheet)
Second M1 for use of parallel axes rule to obtain I
Second A1l for PRINTED ANSWER.

Alternative, using result(s) on formulae sheet:

First M1A1 13= Izc = 4/3mad’ (from formulae sheet)

Second M1 for use of perpendicular axes rule with appropriate no. of terms
]B = IAB+ IBC: 8/3"’1612

2(b)

First M1 for moments equation (dim correct and mg resolved)
First A1 for correct equation
Second M1 dependent for use of sin =@ and SHM equation
Third M1 for use of 7'= 27/ @ (only if proper SHM equn with -)
Third A1 for answer.




Question

Nurmber Scheme Marks
3 d—m—c:>m—m +ct
' dr ‘
(m+om)(v+o0v)—mv =(mg —mkv)ot MI1 Al
mov +vom = (mg —mkv)ot M1 A2
Q+kv+ld_m:g
dt m dt
ﬂw[m ¢ jzg o DMI Al
dt m, +ct
@)
[7]

Notes for Question 3

, dm ) )
First M1 for d— = ¢ and integrating
¢

First Al for m=m, + ct

Second M1 for impulse-momentum equation (correct number of terms,
excluding any 0m0v or Omot terms)

Second and third Al: (-1 each error)

OR:

Second M1 for mg — mkv = di(mv)
4

d d
Second and third A1 for mg — mkv = v—m +m d_v (-1 each error)
t

dr
Third M1, dependent on second M1, for sub. for m .
Third A1 for PRINTED ANSWER




Question

Number Scheme Marks
4.
(@) @i -2j+k)+(-2i+j-k)+F,=0 M1
F=(-i + )N Al
)
(b) (=2i+3)) x 31 =2J+K)+ @i +2k) x (=2i+j-k)+r x (=i +])=0 M1
@i +2j-5k) + (2i-j+3k) + (—zi —z] +(x+»)k)=0 A2,1,0
l1-z=0, 1-z=0, -2+x+y=0 M1
r=(2i + k) +¢(—1+])is asolution Al
OR  Use Concurrency Principle
()
(c) F+F+F,=Gi +j+k) =F,=Q2i +2j +k) M1 Al
nxF+r xF+0-2]+3k) x 21 +2] +K)=(@10 +j +k) x 3i +j + Ml
(Bi+2] —5k) + (=21 = +3k) + (=8I +5] +6k)=(2] - 2k) + G A2,1,0ftona
G=(-7i +4] +6k) Al
|G| =(-7)* +4% +6° =~/101 (Nm) M1 Al
(8)
[15]
Notes for Question 4
M1 for XF =0
4(a) Al for (-i +j)
In (b) condone consistent use of F x r.
First M1 for M(O) or M(P;) or M(P,) (must be using correct forces)
First Al and Second A1 -leach product.
Second M1 for changing equation to F =a + /“:3
Third A1 for any correct equation.
4(b) OR:  Use Concurrency Principle
First M1 for ri+ sk, = ry+ tF;
First Al for s =1 or ¢t =1
Second Al fori+j+k
Second M1 for changing equationto I =a+ Ab
Third Al for any correct equation.
FirstM1 F +F, +F, =i + j +k)
First Al for F, =(2i +2 ] +Kk)
Second M1 for
(rxF)+ @ xF)+(0 -2j +3k)x (theirF, )=(0 + j +k)x (3i + ]
4(c)

Second A1ft and Third A1ft for correct equation with products evaluated (-1
ee)
Fourth Al for G=(—-7i +4 j +6Kk)

Third M1 for |G| = /(=7 + 4* + 6

Fifth A1 for V101 oe (2 or more SF)




Question

Scheme Marks
Number
5. Taking strips parallel to BC:
2
| =22 M1 Al
h
5m:2ax.M5x=2M)§5x M1 Al
h  ah h
51 =%5m(%)2 +Smx’ M1 AlAl
= ii{ (a* +31°)x’Sx Al
_2M [ 3
=3 5@ +3h )joxdx DMI1
4 h
S 2M )| =
3h 4|
:%(a2+3h2) * Al
(10)
[10]

Notes for Question 5

First M1 for attempt to find length of strip in terms of x, /4 and a, using similar

triangles or equivalent (must be dim correct)

First A1 for a correct expression

Second M1 for attempt to find mass of strip in terms of x, 4, M and O.x
(must be dim correct) (this mark is not available if p is not found)
Second A1 for a correct expression.

Third M1 for use of parallel axes rule on strip

Third A1 for 5 5ml’ term

Fourth A1 for dmx” term

Fifth A1 for a correct expression in a, x, h, M and Ox

Fourth M1 dependent on Third M1, for integrating their ¢/ (which must
have a O.x)

Sixth Al for PRINTED ANSWER

N.B. Third M1 They may use perpendicular axes on whole triangle, with
same working.

(N.B. if p is used but never eliminated, can score max

MI1AIMOAOMIATATAOM1AO)




Question

Number Scheme Marks
6. dmg -1 =4mf M1 Al
T, -mg =mf M1 Al
(1, -T))a—- 2mga—§2ma2 A M1 A3
4mg—mg—2mg:6mf:>f:§ DM1
ang accln = £ Al
a
(10)
[10]

Notes for Question 6

First M1 for equation of motion for 4m
First A1 for correct equation using either for &
Second M1 for equation of motion for m
Second Al for correct equation using either for &
Third M1 for equation of motion for pulley
A3 for a correct equation using either for ¢
Fourth M1, dependent on previous three M’s, for producing an equation in
o and g only.
Sixth A1 for answer
S.C. M4A5 ‘whole system’ equation:

4mg—mg—2mg)a = (4ma’ + ma’ + ma*)a
(4mg—mg—2mg




Question

Number Scheme Marks
7.
2
(@) I, =tmr’ +mr’ :3’Zr M1 Al
- X=mr6* =0 M1 AlAl
J mg—Y = mr6 M1 Al
3mr? ..
M (4) mgr = n;r 0 M1 Al
Y =1mg DMI1 Al
(11)
2
(b) L3mr” 2 = mer MI1 Al
2 2
2
[2r =m0 MI Al
2
m
Izszgr DMI Al
(6)
[17]
Notes for Question 7
First M1 for use of parallel axes rule
First A1 for correct expression
Second M1 for resolving horizontally (usual rules)
Second A1l for a correct equation
Third A1 for 0
7(a) Third M1 for resolving vertically (usual rules)
Fourth A1 for a correct equation
Fourth M1 for moments about A (usual rules)
Fifth A1 for a correct equation
Fifth M1, dependent on previous two M marks, for solving for Y.
Al for answer
First M1 for energy equation
First A1 for a correct equation
Second M1 for angular impulse-momentum equation
7(b) Second A1 for a correct equation

Third M1, dependent on previous M’s, for solving for /
Third Al for the answer




